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ABSTRACT 
Let A be an n x n complex matrix with A” f 0. It is proved that A has rank one 
if and only if 
u(T+A)na(T+cA)ca(T) 
for every rank one matrix T and some fixed scalar c # 0 or 1. The condition A” # 0 
cannot be dropped in case n > 4. 
Let A be an n X n matrix with complex entries, and let a(A) denote the 
set of all eigenvalues of A. The following result follows from Theorem 1 of 
111: 
Let A # 0. Then A has rank one if and only if the condition 
a(T+A)na(T+cA)co(T) 
is satisfted for every matrix T and ez;ery scalar c + 1. 
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It can be seen from the proof given in [l] that matrices T of rank at most 
two suffice for the “if” part of this result. It seems natural to ask whether 
matrices T of rank one suffice. We show that this question has an affirmative 
answer if A2 # 0 and a negative answer if A2 = 0 and n > 4. In fact, we prove 
the following stronger result: 
THEOREM (I) Let A” # 0. lf the condition (*> is satisfied for every rank 
one matrix T and some fixed scalar c # 0 or 1, then A has rank one. 
(II) Let A2 = 0. Then: 
(i) The condition ( *) is satisfied for every rank one matrix T and every 
scalar c # 1, irrespective of the rank of A. 
(ii) If the condition ( *) is satisfied for every rank two matrix T and some 
fixed scalar c # 0, then either A = 0 or A has rank one. 
Proof. Since similarity does not change either the condition ( *> or the 
rank of A, we assume without loss of generality that A is a Jordan canonical 
matrix. 
Part (I): Let A’ f 0 and c be a scalar, c # 0 or 1, such that the condition 
( * ) holds. 
Case (a). Assume that at least two diagonal entries of A are nonzero. 
Let the ith entry be t, and the jth entry be t,, i <j, t, # 0, t, z 0. First 
assume that ct, - t, z 0. Let 
T = diag(O,. .,O, ct, - t,,O,. . .,O). 
where ct, - t, appears in the jth entry. Then ct, P a(T) = (0, ct, - tz), but 
clearly ct, E a(T + A)fl a(T + CA). Since ct, - t, # 0, T has rank one. This 
contradicts the condition (*). If ct, - t, = 0, let T be the matrix whose 
(j - 1, j)th entry is 1 and all other entries are 0. Then, again, ct, P (T(T) = {O), 
but t, = ct, E a(T + A) n o(T + CA). This contradicts the condition ( * ). 
Case (b). Assume that exactly one diagonal entry of A is nonzero. Let 
A=diag(t,,J,,J,,...), 
where t, # 0 and J2,J3,. . . are Jordan blocks with zero diagonal entries. If all 
CHARACTERIZATION OF RANK ONE MATRICES 3 
12, J3>. . . are of size 1, then clearly A has rank one. Otherwise. let 
12 = 
where 6 denotes either 0 or 1, and n2 > 2. Let 
T=diag(O.[:: II],0 ,..., 0). 
Then 
T+cA= 
ct, 0 
0 t, 
t, 
0 
0 
-c cis 
0 0 . . 
0 
0 
C6 
0 
Hence t, E a(T) = (0, t, - c}, but t, E a(T + A)I? a(T + CA). This contra- 
dicts the condition (*). 
Case (cl. Assume that all the diagonal entries of A are 0. Since A2 # 0, 
we can let 
where 
J1 = 
0 1 0 
0 1 
0 ‘. 
1 
0 0 
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with n, 2 3. Let 
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T =diag(T,,O,O ,... ), 
where 
c-l 0- 
c+l 0 
10. 
T, = 0 . . 
. . . 
. . . 
. . . 
LO 00 0, 
Then 
T, + cJ1 = 
c-l c 
c+l 0 c 
0 
10.. 
0 . . . 
. . . . 
. . . . 
. . * c 
0 0 0 0 
Hence - 1 P a(T) = (c -LO}, but - 1 E a(T + A)n a(T + CA). This con- 
tradicts the condition ( * >. 
Part (II): Let A” = 0. Then all the diagonal entries of A are zero and 
every Jordan block of A is of size at most two. The rank of A equals the 
number k of Jordan blocks of size two. If k = 0 or 1, then the condition (*) 
is satisfied for every matrix T and every scalar c # 1. This is obvious for 
k = 0 and follows from Theorem 1 of [l] for k = 1. 
Let, then, k > 2 and 
A=diag(J,,...,Jk,O,...,O), 
where 
J,= . . . =A=[; I. 
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(i): Let T be an arbitrary n X n matrix of rank one, so that 
for some scalars al ,..., a,,bi ,,.., b,. Let c z 1 be a scalar. It can be checked 
that for every scalar t, 
det(T+cA-tZ)=det(T-tZ)-(a,b,+ **. +a,kb2k_1)(-t)“-2c. 
Since c z 1, we have det(T - tl) = 0 whenever 
det(T+A-tZ)=O=det(T+cA-tI). 
Thus, the condition ( * ) is satisfied for every matrix T of rank one and every 
scalar c + 1. 
(ii): On the other hand, if c z 0 and we let 
T=diag([y :I,[! ~].o,...,o), 
then T has rank two, and 
T + CA = diag 
0 c I o I,[; $0 ,...10) 
Let a be a scalar with u2 = c. Then a 6 c+(T) = (01, but a E a(T + A)n a(T 
+ CA). Thus, if the condition (* ) is satisfied for every rank two matrix T and 
some fixed scalar c # 0, then rank A = k Q 1. n 
COROLLARY. If A # 0 and the condition ( * ) is satisfied fm every matrix 
T of rank one or two and for some fixed scalar c # 0 or 1, then A has rank 
one. 
Proof. Obvious from Part (I), and (ii) of Part (II), of the above theorem. 
n 
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COROLLARY. lf n < 3, A # 0, and the condition ( * ) is satisfied fm every 
matrix T of rank one and some fixed scalar c + 0 or 1, then A has rank one, 
while if n 2 4, there is an n X n matrix A of rank two such that the condition 
( * ) is satisfied fm every matrix T of rank one and every scalar c # 1. 
Proof. If n < 3, and a Jordan canonical n X n matrix A satisfies A2 = 0, 
then either A = 0 or A has exactly one Jordan block of size 2, i.e., rank A < 1. 
If n > 4, we can let 
A=%([: :I,[: :].o,...,o) 
and appeal to (i) of Part (II) of the above theorem. n 
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